C −1n and σ Pb −1n , respectively. It is shown that within about 5% error, σ(E1) can be obtained by subtracting Γσ C −1n from σ Pb −1n , as assumed in preceding studies. However, for the reaction of weakly-bound projectiles, the scaling factor Γ is found to be about two times as large as that usually adopted. As a result, we obtain 13-20 % smaller σ(E1) of 31 Ne at 250 MeV/nucleon than extracted in a previous analysis of experimental data. By compiling the values of Γ obtained for several projectiles, Γ = (2.30 ± 0.41) exp(−S n ) + (2.43 ± 0.21) is obtained, where S n is the neutron separation energy. The target mass number dependence of the nuclear parts of the one-neutron removal cross section and the elastic breakup cross section is also investigated. 
Introduction
The neutron halo structure [1, 2] , which indicates the breakdown of the saturation property of the nuclear density, is one of the novel properties of unstable nuclei. So far several neutron halo nuclei have been discovered: 11 Be, 15 C, 19 C, and 31 Ne are well established one-neutron halo nuclei, and 6 He, 11 Li, 14 Be, 17 B, and 22 C are known as two-neutron halo nuclei. Nowadays, the neutron halo structure is considered to be a rather general feature of unstable nuclei far from the stability line. It is thus important to complete a list of halo nuclei, which is a hot subject in nuclear physics. One of the most well known probes for the halo structure is the interaction cross section σ I [1, 2, 3, 4] . In an experiment, σ I are measured for several isotopes with a target nucleus. A halo nucleus is identified at a mass number where a large increase in σ I is found. Recently, a fully microscopic analysis of σ I of Ne isotopes based on the antisymmetrized molecular dynamics (AMD) wave functions [5] and the Melbourne nucleon-nucleon g matrix [6] was carried out [7] . It was concluded that 31 Ne is a one-neutron halo nucleus with a large deformation of the 30 Ne core. A similar analysis is ongoing for Mg isotopes.
As an alternative probe for the halo structure, it was shown in Ref. [8] that the breakup cross section σ(E1) due to the electric dipole (E1) field can be utilized; it was shown that for 19 C, a well-known one-neutron halo nucleus, σ(E1) was indeed large. This is essentially due to the large cross section for the soft dipole excitation that is a characteristic of a halo nucleus. The authors also obtained a large value of σ(E1) for 31 Ne, with which 31 Ne was concluded to be a one-neutron halo nucleus. Since σ(E1) is not an observable, in the analysis the following equation was used to obtain it:
where σ A −1n is the one-neutron removal cross section by a target nucleus A and Γ is a scaling factor ranging from 1.7 to 2.6 for the 31 Ne projectile. However, no quantitative justification of Eq. (1) for the reaction system was made. Since Eq. (1) is a key formula in the study of Ref. [8] , it will be very important to clarify the validity of the equation.
In this paper, we describe one-neutron removal processes by means of sophisticated threebody reaction models: the continuum-discretized coupled-channels method with eikonal approximation (E-CDCC) [9, 10] for the elastic breakup and the eikonal reaction theory (ERT) [11, 12] for the one-neutron stripping. The purpose of the present study is to examine Eq. (1) and find an appropriate value of Γ. There exists a number of works [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] regarding the assumptions behind Eq. (1), i.e., interference between nuclear and Coulomb breakup, role of continuumcontinuum couplings, breakup due to the electric quadrupole field, and so forth. Most of them focused on reactions at relatively lower incident energies, where one may expect the above-mentioned "higher-order" effects. In the present study, we consider breakup processes at 250 MeV/nucleon; at such energies, the mechanism of the breakup reaction is believed to be simple. Nevertheless, it will be very important to evaluate possible errors of using Eq. (1) quantitatively. Another important aim of this work is to find a target mass-number (A) dependence of σ −1n due to the nuclear interaction, which is essential to determine the scaling factor Γ.
The construction of this paper is as follows. In §2 we briefly recapitulate the formalism of E-CDCC and ERT, and clarify the condition for Eq. (1) to be satisfied. In §3 we examine the assumptions behind Eq. (1) one by one. Then the A-dependence of σ −1n due to the nuclear interaction is investigated for several projectiles and Γ is evaluated. We present a functional form of Γ with respect to the neutron separation energy S n . The A-dependence of the nuclear part of the elastic breakup cross section is also discussed. Finally, a summary is given in §4.
2. Formalism 2.1. Three-body system and model space
We describe the one-neutron removal process with a c + n + A three-body system shown in Fig. 1 ; c and n are the core nucleus and the valence neutron in the projectile P, respectively, and A is the target nucleus. The coordinates of P, c, and n relative to A are denoted by R, R c , and R n , respectively, and r represents the coordinate from c to n. The three-body Schrödinger equation is given by
where µ is the reduced mass of the P-A system, U n and U c are, respectively, the distorting potentials of n and c by A; U c consists of the nuclear and Coulomb parts.ĥ is the internal 2/12 Fig. 1 Schematic illustration of the c + n + A three-body system.
Hamiltonian of P and E is the total energy of the system. We solve Eq. (2) within a model space:
where |i is the ground state (i = 0) or a discretized continuum state (i > 0) of P. Equation (3) means that approximately P can be regarded as a complete set for describing a reaction process considered in the present study [25] .
Continuum-discretized coupled-channels method with eikonal approximation (E-CDCC)
In E-CDCC [9, 10] , the total wave function Ψ(r, R) is described by
where φ i (r) is the wave function of P in the ith state satisfyingĥφ i (r) = ε i φ i (r), K i (v i ) is the relative wave number (velocity) between P and A, and η i is the Sommerfeld parameter. b is the impact parameter and φ R is the azimuthal angle of R. The z-axis is taken to be the incident direction. For simplicity, in Eq. (4) the φ R dependence of the wave function is dropped. It should be noted that the monopole Coulomb interaction between P and A is taken into account by using the Coulomb incident wave function in Eq. (4). After solving the E-CDCC equation, Eq. (4.5) of Ref. [25] , with the boundary condition
The elastic breakup cross section σ EB is given by
Eikonal reaction theory (ERT)
ERT [11, 12] is an extended version of CDCC that is applicable to the neutron stripping processes, explicitly taking account of the Coulomb breakup contribution. ERT describes 3/12 the total wave function as
where the P-A relative wave number is represented by the operator:
Accordingly, the P-A Sommerfeld parameter is treated as an operator. The velocity operator v depends on R asv
which is the operator form of Eq. (4.4) of Ref. [25] multiplied by /µ; Z P (Z A ) is the atomic number of P (A). The S matrix operator in ERT is given bŷ
and P is the path ordering operator with respect to z. Then, the adiabatic approximationĥ → ε 0 is made in Eq. (10) to the term related to U n (R n ), which results in the separation of the S-matrix operator:
The neutron stripping cross section σ n:STR is given by
Assumptions behind the E1 cross section formula
By definition, σ −1n is the sum of σ EB and σ n:STR :
To extract σ(E1), first we need the following condition of incoherence between the nuclear and Coulomb breakup:
where we put (N) and (C) to specify the nuclear and Coulomb parts of σ EB , respectively. More explicitly, σ EB(N) (σ EB(C) ) is the elastic breakup cross section evaluated with dropping the off-diagonal coupling potentials due to the Coulomb (nuclear) interaction in solving 4/12 Eq. (2). The second condition is that the coupled-channel effects caused by the Coulomb interaction on the neutron stripping is negligibly small:
If Eqs. (17) and (18) are satisfied, we have
where
The third condition is given by
where EB(E1) means the first-order E1 transition cross section. The fourth and last condition is σ
One may then obtain Eq. (1) with Γ defined by
3. Results and discussion
Model setting
We consider neutron removal processes of projectiles having a n-c structure by 12 potential between the n-c pair. The radius parameter r 0 and the diffuseness parameter a 0 together with the n-c relative angular momentum ℓ in the ground state, ℓ 0 , and S n are shown in Table 1 . The depth of the WS potential is determined to reproduce S n . The maximum value ℓ max of ℓ is set to 3. For each ℓ, the continuum state up to k = 0.66 fm −1 , where k is the n-c relative wave number, is discretized by the momentum-bin method with an equal increment ∆k. We take ∆k = 0.066 fm −1 for ℓ = 0 and ∆k = 0.033 fm −1 for ℓ = 0. The maximum value of r is set to 200 fm. The distorting potential U n (U c ) is evaluated by a microscopic single (double) folding model; the Melbourne nucleon-nucleon g matrix [6] and the Hartree-Fock (HF) wave functions of c and A based on the Gogny D1S force [29, 30] are adopted. This microscopic approach has successfully been applied to several reaction systems [7, 25, 31] . The maximum impact parameter b max is taken to be 50 fm for nuclear breakup processes, whereas we put b max = 400 fm when Coulomb breakup is included. Table 3 Errors of the conditions of Eqs. (17), (18), (21), and (22) are shown as f 1 , f 2 , f 3 , and f 4 , respectively. σ(E1) evaluated by Eqs. (23) and (1) is also shown in the unit of mb. f tot is the total error of Eq. (1). See the text for detail. 
Examination of the E1 cross section formula
We show in Table 2 several cross sections discussed in Sec. 2.4 for the 11 Be, 15 C, 19 C, and 31 Ne projectiles and the 12 C and 208 Pb targets evaluated by E-CDCC and ERT. In Table 3 f 1 , f 2 , f 3 , and f 4 , the errors of the conditions of Eqs. and (23) is evaluated by subtracting σ Pb −1n(N) from σ Pb −1n . By taking the relative difference between σ(E1) thus obtained and σ Pb EB(E1) calculated by E-CDCC, we get the total error f tot of Eq. (1). One sees all of the errors are below 8% for the breakup of these one-neutron halo nuclei at 250 MeV/nucleon, which validates the use of Eq. (1) for the systems. On average, f 1 and f 3 are less than a few percent, whereas f 2 , f 4 , and f tot are about 5%.
The small f 1 , i.e., small nuclear and Coulomb interference, can be understood as follows. First, because of the dominance of the E1 coupling, the ℓ value after the Coulomb breakup is concentrated to |ℓ 0 ± 1|. In fact, more than 97% of σ EB(C) for 11 Be (ℓ 0 = 0) by 208 Pb comes from the p-wave breakup cross section. On the other hand, there is no such selection for the nuclear breakup; about 3/4 of σ EB(N) goes to ℓ = 1. Second, as an important aspect of the present study, we discuss the cross section integrated over the scattering angle. Then there is no interference between different values of b. It is well known that nuclear breakup amplitude is concentrated at the nuclear surface, whereas the E1 amplitude has a very long tail with respect to b. Therefore, the nuclear and Coulomb breakup processes occur at different b and populate different ℓ of the breakup state, which results in small nuclearCoulomb interference. It should be noted that if an angular distribution of the breakup cross section is discussed, because of the coherence of the breakup amplitudes at different b, one can expect non-negligible nuclear-Coulomb interference even at 250 MeV/nucleon. Equation (18) is expected to hold because, as mentioned above, σ n:STR is due to U n (R n ) unless strong coupled-channel effects caused by the Coulomb interaction exist. The small f 2 obtained will support this picture. For f 3 , an important point of the present analysis is that we consider one-neutron halo nuclei, for which the E2 effective charge e E2 is much smaller than the E1 effective charge e E1 . Because the E1 coupling strength is small and the scattering energy is relatively high, one may expect that Eq. (21) holds well, which is indeed the case as shown in Table 3 . It should be noted that the very large E1 breakup cross section by 208 Pb is due to the long-range nature of its amplitude, not to its strength. Note also that in the present study deformation effects of c are neglected; the coupling between the 0 + and 2 + states of c can change the E2 transition amplitude. Inclusion of the core deformation in E-CDCC and ERT following the recent works [32, 33] will be interesting and important future work.
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The conclusions summarized in Table 3 change if we consider a proton "halo" nucleus, e.g., 8 B. In Table 4 several cross sections for the 8 B breakup by 208 Pb at 250 MeV/nucleon are shown; r 0 = 1.25 fm, a 0 = 0.52 fm, ℓ 0 = 1, and the proton separation energy of 0.137 MeV are used [21] . One sees the E2 contribution σ(E2) is about 20% of σ(E1). This is essentially because e E2 of 8 B is about 2.7 times as large as its e E1 . Then, the higher-order effect reduces the sum of σ(E1) and σ(E2) by about 5%. This somewhat large higher-order effect is due to the large E2 coupling strength compared with the E1 strength. In fact, if we perform an all-order calculation including just the E1 coupling, we obtain 220 mb that is smaller than σ(E1) by only 3%. We have thus the addition of σ(E2) to σ(E1) and the decrease in the first-order Coulomb breakup cross section, σ(E1) + σ(E2), due to higher-order processes. In the end, σ(E1) is smaller than σ Pb EB(C) by about 13% even at 250 MeV/nucleon. The nuclearCoulomb interference of about 12% also appears for 8 B because of the less selectivity of ℓ. Therefore, we conclude that we have less validity of Eq. (1) for c + p nuclei, even if we consider inclusive breakup observables measured at 250 MeV/nucleon.
Target mass number dependence of one-neutron removal cross section due to nuclear interaction
It is shown in Sec. 3.2 that at 250 MeV/nucleon Eq. (1) holds well for one-neutron halo nuclei with Γ given by Eq. (23) . Before evaluating Γ, we see the A-dependence of σ A −1n(N) . We here consider not only the four well-established one-neutron halo nuclei listed in Table 2 but also 29 Ne, 33 Mg, 35 Mg, 37 Mg, 39 Si, and 41 Si. The newly added six projectiles are expected to have a c + n structure with a (moderately) small value of S n ; the input parameters for them are shown in Table 5 . We take r 0 = 1.20 fm and a 0 = 0.70 fm for all the systems. For 37 Mg we assume two possibilities of ℓ 0 , i.e., 37 Mg(s) (s-wave) and 37 Mg(p) (p-wave). The values of S n for the Mg isotopes are taken from Ref. [34] and those for the other nuclei are from Ref. [35] ; for 41 Si that has a negative mean value of S n [35] we use S n = 0.3 MeV.
We show in Fig. 2 σ A −1n(N) as a function of A 1/3 . Panels (a) and (b) correspond to the projectiles having S n smaller and larger than 1 MeV, respectively. Clearly σ A −1n(N) follows the scaling law of A 1/3 for all the projectiles. In each panel the result of a fitting by a P A 1/3 + b P is given. It should be noted that a P and b P have a rather strong dependence on P.
The success of the a P A 1/3 + b P scaling of σ A −1n(N) suggests
where R A is the radius of the nucleus A,ā P ∼ 1.2a P , andb P ≡ b P /ā P . Apparentlyb P is related to an effective radius of P, which naively suggests 0 ≤b P ≤ R P . In fact, Γ is considered in Ref. [8] to be in the range of
The lower limit corresponds to the strong absorption limit and the upper limit to the picture of the Serber model [36] . Our present calculation suggests, however, thatb P can be negative, which results in Γ larger than the upper limit of Eq. (25) . The results of Γ are shown in Table 6 and plotted in Fig. 3 as a function of S n ; in the figure the range of Γ assumed in Ref. [8] , Eq. (25), is shown by a bar for each P. One sees that Γ is Fig. 3 Plot of Γ as a function of S n . The vertical bars show the range of Γ given by Eq. (25) . The result of a functional fit of Eq. (26) is also shown.
located around 4 when S n < 1 MeV and decreases as S n increases, toward the upper limit of Eq. (25) . It is found that Γ is well fitted by
which is shown by the solid and dashed curves in Fig. 3 . This simple functional form can be helpful for practical use.
As shown in Fig. 3 , for 31 Ne (open circle) the result of Γ of the present study is almost two times as large as the mean value adopted in the previous study [8] . Consequently, we obtain about 13% (20%) smaller σ(E1) than that evaluated with the maximum (minimum) value of Γ, 2.6 (1.7), of Eq. (25) . It should be noted that in the present study we do not consider a spectroscopic factor S; we assume S = 1 for all the projectiles. One may obtain S by comparing the theoretical cross section with experimental data, as in Refs. [11, 28] . In this study, however, we focus on the A-dependence of the cross sections and the values of Γ. It is rather obvious that S has very small effect on them. To be accurate, the one-neutron removal process for a projectile having a loosely-bound neutron is peripheral. Thus, what is to be determined through the reaction analysis is not S but the asymptotic normalization coefficient (ANC). As shown in Fig. 1 of Ref. [11] , the ANC evaluated by the experimental data [8] has very weak A-dependence. Therefore, even though a rather naive structural model of the projectiles is adopted in this study, the conclusions drawn above are expected to be quite robust.
Scaling of nuclear elastic breakup cross section
In this subsection we discuss the A-dependence of σ EB(N) , considering a possibility of extracting σ(E1) from exclusive breakup observables [37, 38, 39] . Though it is widely believed that σ EB(N) follows the A 1/3 scaling [21] , there exist several works that report different results [16, 22, 12] . In this paper we follow the prescription of Ref. [12] . First, we determine the effective radius R EB from the peak of the integrand of Eq. (6) divided by b. Then the 9/12 effective width D EB is evaluated by D EB = σ EB(N) /(2πR EB ). By looking at the A-dependence of R EB and D EB , one can see the A-dependence of σ EB(N) .
It is found, as in Ref. [12] , that both R EB and D EB are fitted well by the α X A 1/3 + β X form (X is R or D). The values of α R , β R , α D , β D are given in Table 7 . The resulting functional form of σ EB(N) is
In Fig. 4 we compare Eq. (27) with σ EB(N) obtained by E-CDCC for the six target nuclei, as in Fig. 2 . One sees clearly that Eq. (27) works well for all the projectiles. In the sixth column of Table 7 , we show c 2 /c 1 that gives a deviation from the A 1/3 scaling formula. In all the cases c 2 /c 1 is larger than several tens of percent. For 11 Be and 19 C we have |c 2 /c 1 | ∼ 4, which indicates the dominance of the A 2/3 dependence. One of the key ingredients for the A-dependence of σ EB(N) is the c-A distorting potential, which is microscopically calculated in the present study. Note that the microscopic double folding model used has successfully been applied to several reaction processes at around 250 MeV/nucleon [25, 31] . If we adopt the parameters for the 10 Be-A system given in Table I of Ref. [21] , we obtain a similar result to that of Ref. [21] , i.e., the A 1/3 scaling. Another important aspect of the present study is the incident energy, i.e., 250 MeV/nucleon. If we evaluate σ EB(N) of 11 Be at 70 MeV/nucleon by E-CDCC with microscopic distorting potentials calculated at the energy, we have an A-dependence slightly weaker than A 1/3 ; this is consistent with the result of Ref. [22] . Further investigation will be necessary to draw a definite conclusion on the A-dependence of σ EB(N) . At this stage, it is difficult to find a simple formula to extract σ(E1) from exclusive breakup observables, i.e., σ Pb EB and σ C EB . Additionally, we remark the importance of Coulomb breakup by a 12 C target. We show σ C EB , σ C EB(N) , and the ratio σ C EB(N) /σ C EB in Table 7 . One sees that σ C EB(N) /σ C EB is considerably smaller than unity. Thus, we need to consider the contribution from Coulomb breakup of Table 7 Fitting parameters of the effective radius and width of σ EB(N) given in the unit of fm. c 2 /c 1 shows the importance of the A 2/3 dependence compared to the A 1/3 dependence. σ C EB and σ C EB(N) (in the unit of mb) and its ratio σ C EB(N) /σ C EB are also shown. See the text for details. Fig. 4 Same as in Fig. 2 but for σ EB(N) and plotted as a function of A.
several tens of percent, when we consider elastic breakup processes of a projectile consisting of a core nucleus and a loosely-bound neutron by 12 C at 250 MeV/nucleon.
Summary
We have examined the E1 cross section formula, Eq. (1), by describing the one-neutron removal process at 250 MeV/nucleon with three-body reaction models. The elastic breakup and the one-neutron stripping are described by the continuum-discretized coupled-channels method with the eikonal approximation (E-CDCC) and the eikonal reaction theory (ERT), respectively. We took 11 Be, 15 C, 19 C, 29 Ne, 31 Ne, 33 Mg, 35 Mg, 37 Mg, 39 Si, and 41 Si for the projectile, and 12 C, 16 O, 48 Ca, 58 Ni, 90 Zr, and 208 Pb for the target nucleus.
Four conditions behind Eq. (1) are clarified and validated one by one within about 5% error for the breakup of one-neutron halo projectiles at 250 MeV/nucleon. The scaling factor Γ is defined by the ratio of the one-neutron removal cross section for the 208 Pb target due to nuclear interactions, σ Pb −1n(N) , to that for the 12 C target, σ C −1n(N) . It is found that σ −1n(N) follows the aA 1/3 + b form, where A is the target mass number, as assumed in preceding studies. The constant b of the formula, however, is shown to be negative for almost all the projectiles considered. This gives somewhat large enhancement of Γ. We obtained Γ for 31 Ne that is about two times as large as the mean value used in the previous analysis. Consequently, the E1 cross section of 31 Ne is reduced by 13-20 %. We have found the following functional form of Γ: Γ = (2.30 ± 0.41) exp(−S n ) + (2.43 ± 0.21) with S n the neutron separation energy.
The A-dependence of the nuclear elastic-breakup cross section σ EB(N) is also investigated. It is found that σ EB(N) follows c 2 A 2/3 + c 1 A 1/3 + c 0 , i.e., mixture of the A 2/3 and A 1/3 scaling. Furthermore, contribution of the Coulomb breakup of several tens of percent, which is often neglected, is clarified in the breakup of projectiles having a loosely-bound neutron by the 12 C target. At this stage, it is quite difficult to find a simple formula to extract the E1 cross section from exclusive elastic breakup observables.
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